This paper deals with the stability and convergence of Runge-Kutta methods with the Lagrangian interpolation (RKLMs) for nonlinear delay diffemtial equations (DDEs). Some new concepts, such as strong algebraic stability, GDN-stability and D-convergence, are introduced. We show that strong algebraic stability of a RKM for ODES implies GDN-stability of the corresponding RKLM for DDEs, and that a strongly algebraically stable and diagonally stable RKM with order p, together with a Lagrangian interpolation of order q, leads a D-convergent RKLM of order min{p,q + I}.
Introduction
Consider the following nonlinear DDEs: v'(t) = f (G u(t), v(t -z>), t E [to, n v(t) = dth t E [to -z, toI (1-l) and (
1.2)
where f : [to, T] x CN x CN -+ CN and cp, tj : [to -z, to] -+ CN are continuous functions such that ( 1.1) and (1.2) has a unique solution, respectively. Moreover, we assume that there exist some inner product (., .) and the induced norm ]I . 11 such that where o,y are constants with
Ody<-0.
(1.5)
Torelli [ 131 pointed out that the analytic solutions of (1.1) and (1.2), under the conditions (1.3)-( 1 S), satisfy
Ilv(t) -4OlI d mm
$-tSx<fo 1184 -~(411, vt E [to, Tl. In recent years, many authors, such as in't Hout, 2] where A = (aii) E R" '", b = (bl, b2,. . . , b,) T and c = (cl, ~2,. . . , c,)' E R", to DDEs (1.1). Especially, in't Hout [9, lo] presented RIUMs for DDEs (1.1 ), which defined by t,, = to + nh E [to, 7'1; yn, yy', yy ' are approximations to the analytic solution y(tn), y(t,, + cjh), y(tn + Cjh -z) of ( 1. 1 ), respectively, and the argument yy' is determined by
withr=(m-6)h, 6~[0,1),integerm>v+l,r,u>Oand
Li(a)=qar (2)) I=-f-,-r+ l).'.) 0.
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What we assume m > u + 1 is to guarantee that no (unknown) values $' with i >, n are used in the interpolation procedure. In addition, we always put yjf' = cp(t, + cjh) whenever n < 0, and yn = cp(t,) whenever n d 0. in't Hout [9, lo] gave some nice results on asymptotic stability of methods (1.7) for linear DDEs. For discussing nonlinear stability of numerical methods, Torelli [ 131 presented the concept of GRN-stability. However, it is difficult to verify that a method for DDEs is GRN-stable, and only the Euler method has been proved to be GRN-stable so far (cf. [ 131) . In view of this, we gave a new stability concept, i.e. GDN-stability, which is different from GRN-stability by a,y in (1.3)-( 1.5) are constants independent of t and positive constant C in (2.1) is not necessarily equal to one. A convenient criterion for GDN-stability is presented, and the convergence behaviour of methods (1.7) is revealed by introducing the concept of D-convergence in this paper.
GDN-stability
Some new stability concepts are introduced as follows. In particular, algebraic stability can be defined by that matrix MO which is nonnegative definite together with bi 2 0 (i = 1,2,. . . ,s).
Let {Y,, Y?', i;'"'} jS1 and {zn,zj '"',$'} j,S, be two sequences of approximations to problems (1.1) and (1.2) respectively, by method (1.7) with the same stepsize h, and write 
2. Chengjian, Z. Shuzil Journal of Computational and Applied Mathematics 85 (1997) 225-237 Then, (1.7a) and (1.7b) read qi'"' = uo'"' + 2 auQY), i= 1,2 ,...,s, (2 It follows from the above equality, algebraic stability of method (1.6) and Lemma 3.4 in [5] that IJUo(n+')l12 < IIUg(n)l(2 +2kbiRe(Qi"',Up)).
i=l (2.4)
Furthermore, by conditions (1.3)-( 1.5) and Schwartz inequality we have Combining (2.6) with (2.7) and using (1.7~) we arrive at where E = {(i, Z) I 1 < i < s, -_y < 1 < II}. Similar to (2.8), the inequalities
can be obtained by considering the RKLM corresponding to the schemes (A,AT,c) (i = 1,2,. . . ,s) and the strong algebraic stability of the method. In the following, with the help of inequalities (2.8), (2.9) and an induction we shall prove the inequalities 11 U/q2 < (1 -haLI))"+' t,_m$&, IIdf> -$(t>112, n 2 0, i= 1,2,...,s.
(2.10)
In fact, it is clear from (2.8), (2.9) and m > u + 1 that Suppose for n < k(k > 0) that
Then, from (2.8), (2.9), m > u + 1 and 1 -h& > 1, we conclude that This completes the proof of inequalities (2.10). In view of (2.10), we get for n 2 0 that As a result, we know that method (1.7) is GDN-stable.
An analogous result for ODES, based on classical Lipschitz condition, can be seen from Gear [7] .
D-convergence
In this section, we start discussing the convergence of RKLMs (1.7) for DDEs (1 .l) with conditions (1.3)-( 1.5). It is always assumed that the analytic solution v(t) of (1.1) is smooth enough and its derivatives used later are bounded by With the above notations, methods y +, = y n " + @F(t y'"' j'"') n, , 9
y'"' = I?yn + hA"F(t,, y'"', Y'"'), $"j determined by (1.7d),
(1.7) can be written as
and the local errors in (3.2a)-(3.2c), Qn E CN, r,, = (yin), rf', . . . , r,'")), pn = (py), ,I$),. . . , ~6")) E F's can be defined as y(&I+r ) = y(&> + h&F&, Y("), P') + Qn, Y(") = e"y(t n ) + hA"F(t Y(") 9) + r n, ? n, j?n, = (jqq f1"" >..., f!" )T with ho depends only on the method, and &i (i = 0, 1,2,. . . ,s) depend only the method and some Qi in (3.1).
Definition 3.1. An interpolation scheme is called being of order q if its local error is 0(/P').
In accordance with (3.4~) we know that the interpolation scheme (1.7d) is of order r + u. Based on the above lemmas we can derive our main result. Proof. Subtraction of (3.2) from (3.3) yields the following recursion scheme: where $) = y(tn) -y,,, E, = ($')', $jT, . . . , ~j")~)~ = Y@) -y("), z, = blockdiag (z~"') with p' -I -s 01 f2(tn + cih, yp' + 0( 5'"' -yj"'), Fj"') de, i= 1,2 ,..., s, and fz (t, u, v) is the Jacobian matrix (af(t, u, u)/du) (t E 
Hence, method (1.7) is D-convergence of order min{p,q + l}. As to the diagonal stability of the method, we can verify it to be true by taking D =Z2, such that
l-21 21 I
is positive definite for ,I > a. Moreover, we find that B(2), C( 1) hold. Therefore, it follows from Theorems 2.1 and 3.1 that the RKLM (1.7) corresponding to method (4.1) is GDN-stable and D-convergent of order one if i < ,I '< i. It is easy to testify for (4.3) that B(l), C( 1) hold. Hence, in accordance with above discussion, the method (4.3) together with the linear interpolation scheme produces a GDN-stable and order one
